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Abstract

In this paper, we investigate various stochastic orderings for series and parallel systems
with independent and heterogeneous components having lifetimes following the proportional
odds model. We also investigate comparisons between system with heterogeneous compo-
nents and that with homogeneous components. This paper also studies relative ageing orders
for two systems in the framework of components having lifetimes following the proportional
odds model.
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1 Introduction

There is an extensive literature on different stochastic orderings among order statistics where
the observations come from a different family of distributions. Some of these contributions are
due to Balakrishnan and Zhao (2013), Bon and Paltanea (2006), Dykstra et al. (1997), Fang and
Balakrishnan (2016), Fang and Zhang (2012, 2015), Gupta et al. (2015), Kayal (2019), Khaledi
and Kochar (2000), Khaledi et al. (2011), Kochar and Xu (2007a,b), Kundu et al. (2016), Li
and Li (2016), Misra and Misra (2013), Nadarajah et al. (2017), Patra et al. (2018), Zhao and
Balakrishnan (2011, 2012), Zhao and Su (2014), Hazra et al. (2017, 2018), and the references
therein. A one-to-one correspondence between an order statistic and the lifetime of a k-out-of-n
system is well known. A k-out-of-n : G system (generally called k-out-of-n system) is a system

consisting of n components which survives as long as at least k of the n components survive. Let
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X, be the kth smallest order statistic corresponding to the random variables X;, Xo, ..., X,
k =1,2,...,n. Then the lifetime of an (n — k + 1)-out-of-n : G system corresponds to the order
statistic Xg.,. S0, X, _k11.n represents the lifetime of a k-out-of-n : G system. In particular,
X1., and X,,.,, represent lifetimes of the series and the parallel systems, respectively.

The proportional odds (PO) model introduced by Bennet (1983) is a very important model
in survival analysis context, mainly for its property of convergent hazard functions. The PO
model, as discussed by Bennet (1983) and later by Kirmani and Gupta (2001), guarantees that
the ratio of hazard rates converges to unity as time tends to infinity. This is in contrast to the
proportional hazards model where the ratio of the hazard rates remains constant with time. The
convergence property of hazard functions makes the PO model reasonable in many practical
applications as discussed in Bennet (1983), Kirmani and Gupta (2001) and Rossini and Tsiatis
(1996). They have also noticed that assumption of constant hazard ratio is unreasonable in
many practical cases. For more applications of PO model one may refer to Collett (2004), Dinse
and Lagakos (1983), Kirmani and Gupta (2001), Pettitt (1984) and the references therein.

Let X and Y be two random variables with distribution functions F'(-), G(-), survival func-
tions F(-), G(-), probability density functions f(-), g(-) and hazard rate functions rx(-) =
FO)V/F(), ry(-) = g(-)/G(-) respectively. Let the odds functions of X and Y be defined respec-
tively by Ox(t) = F(t)/F(t) and 0y (t) = G(t)/G(t). The random variables X and Y are said
to satisfy PO model with proportionality constant « if 6y () = afx (t), for all ¢, where defined.
It is observed that, in terms of survival functions, the PO model can be represented as

- aF(t)

G(t) = TGl (1.1)

Ql

where & = 1 — «. From the above representation we have

ry (t) 1 G(t)

rx(t) 1-aF(t) F(t)

so that the hazard ratio is increasing (resp. decreasing) for @ > 1 (resp. « < 1) and it
converges to unity as t tends to oo. Also the model (1.1), with 0 < « < 00, gives a method
of introducing new parameter « to a family of distributions for obtaining more flexible new
family of distributions as discussed in Marshall and Olkin (1997). The family of distributions
so obtained is also known as Marshall-Olkin family of distributions or Marshall-Olkin extended
distributions (for details, see Marshall and Olkin (1997, 2007) and Cordeiro et al. (2014) among
others).

Stochastic comparison of different systems with components following proportional hazard
rates (PHR) model has been discussed by Dykstra et al. (1997), Khaledi and Kochar (2000),
Kochar and Xu (2007a,b), and Li and Li (2016) among others. However, not much work have



been done on stochastic comparison of systems with components following PO model. In this
paper, we investigate stochastic comparisons of series and parallel systems with heterogeneous
components having lifetimes following the PO model. We also obtain some stochastic com-
parison results between a system with heterogeneous components and that with homogeneous
ones. The comparisons are made with respect to the usual stochastic ordering, the hazard
rate ordering, the reversed hazard rate ordering, the likelihood ratio ordering, and the relative
ageing orderings.

Throughout the paper, by a "™ b we mean that a and b have the same sign and by a = b

we mean that a is defined as b. We also write R = (—o0, 00).

2 Definitions and preliminaries

Majorization is a preorder on vectors of real numbers. Let I C R denote a subset of the real
line. Further let, for any vector @ = (z1,x9,...,2,) € R", Ty < 2@ < ... < x(y) denote
the increasing arrangement of x1,xo,...,x,. Below we give a couple of definitions to be used

throughout the paper.

Definition 2.1 Let @ = (x1,x2,...,2,) € I" and y = (y1,Y2,.--,yn) € I". The vector x is

said to
(i) magjorize the vector y (written as x g y) if (cf. Marshall et al., 2011)
J

7 n n
Zx(i)SZy(i), forallj=1,2, ...,n—1, and Zm(i):Zy(i).
i=1 =1

i=1 =1

(ii) weakly supermajorize the vector y (written as x g y) if (c¢f. Marshall et al., 2011)
J j
Z%’) < Zy(i), forallj=1,2,... n.
i=1

=1

(iii) weakly submajorize the vector y (written as x =, y) if (¢f. Marshall et al., 2011)
Zw(i) 2 Zy(i), forallj=1,2,...,n.
i=j i=j

P
(iv) be p-larger than the vector y (written as x = y) if (cf. Bon and Pdaltinea, 1999)

J

J
Hx(i) < Hy(i), forallj=1,2,...,n.
=1

i=1



rm
(v) reciprocally magjorize the vector y (written as * > y) if (¢f. Zhao and Balakrishnan,

2009)

i J
Sley
=1

prit () M

1
, forallj=1,2,... . n.
(4)

It can be seen that
m

m w p
X>ZYy=>XZYy=>X>-y=>X>Yy.

Remark 2.1 Definition 2.1(i) can equivalently be written as

7 n n
a:gyif Zx[i] ZZy[i], forallj=1,2, ..., n—1, and Zx[i] :Zy[i],
i=1 i=1

=1 =1

where T 2 T[] > 2 L) 1S G decreasing arrangement of x1,xs, -+ , Tn.

Definition 2.2 (Marshall et al., 2011) A function ¢ : I — R is said to be Schur-convez (resp.

Schur-concave) on I™ if
-y = o(x) > (resp. <)o(y).

Below we give some definitions of stochastic orders.

Definition 2.3 Let X and Y be two absolutely continuous nonnegative random variables with
cumulative distribution functions F(-), G(-), survival functions F(-), G(-), probability density
functions f(-), g(:), hazard rate functions ri(-), ra(-), and the reversed failure (hazard) rate

functions 71(-) and T9(+), respectively.

1. X is said to be smaller than Y in the (cf. Shaked and Shanthikumar, 2007)

(i) usual stochastic order (denoted as X <4 Y ) if F(t) < G(t) for all t;
(ii) failure (hazard) rate order (denoted as X <p, Y ) if G(t)/F(t) is increasing in t > 0,
or equivalently if r1(t) > ro(t) for allt > 0;
(11i) reversed failure (hazard) rate order (denoted as X <,pn,. Y ) if G(t)/F(t) is increasing
int >0, or equivalently if 71(t) < 72(t) for allt > 0;
(iv) likelihood ratio order (denoted as X <;. Y) if f(x)/g(x) decreases in x over the
union of the supports of X and Y.

2. X 1is said to age faster than Y in terms of the

(i) hazard rate (denoted as X Sp, YY), if ri(t)/ra(t) is increasing int > 0 (cf. Sengupta
and Deshpande, 1994);



(ii) reversed hazard rate (denoted as X Sypr Y), if T2(t)/71(t) is increasing in t > 0 (cf.
Rezaei et al., 2015). 0

The following notations are used throughout the paper.

(i) D={(z1,22,.0ytp) ER" 1y > w9 >+ > xp}.

(ii) Dy = {(z1,22, o0y p) ER" 12y > w9 > -+ > 2, > 0}.
) €E={(z1,22,....2p) ER" 12y <29 < -+ <}
) E+ ={(z1,22,.cc,p) ER":0<x) <9 < --- <2y}

Before we start, we mention below, for completeness, a few lemmas to be used in the sequel.
Below we take z = (21,22, ..., 2n) and @) (2) = 0p(2)/0z, the partial derivative of ¢ with

respect to its kth argument.

Lemma 2.1 (Marshall et al., 2011) Let ¢ : D — R be a function, continuously differentiable
on the interior of D. Then, for x,y € D,

m
vy = ¢x) = (resp. <) o(y)
if, and only if,
© k) (2) is decreasing (resp. increasing) ink =1,2,...,n.

Lemma 2.2 (Marshall et al., 2011) Let ¢ : € — R be a function, continuously differentiable
on the interior of £. Then, for x,y € &,

m
vy = @)= (resp. <) o(y)
if, and only if,
¢ (2) is increasing (resp. decreasing) ink =1,2,...,n.

Lemma 2.3 (Marshall et al., 2011) Let I C R be an open interval and let ¢ : I — R be
continuously differentiable. Necessary and sufficient conditions for ¢ to be Schur-convex (resp.

Schur-concave) on I™ are ¢ is symmetric on I, and for all i # j,

(zi — 2j) (¢@)(2) — 05)(2)) > (resp. <) 0 for all z € I™.

Lemma 2.4 (Marshall et al., 2011) Let S C R™. Further, let ¢ : S — R be a function. Then,
forx,y eSS,
rrwy = @(x) = (resp. <) o(y)



if, and only if, v is both increasing (resp. decreasing) and Schur-convex (resp. Schur-concave)
on S. Similarly,

T g y = op(x) > (resp. <) o(y)

if, and only if, ¢ is both decreasing (resp. increasing) and Schur-convex (resp. Schur-concave)
on S. O

Lemma 2.5 (Khaledi and Kochar, 2002; Kundu et al., 2016) Let ¢ : (0,00)"™ — R be a function.
Then,
p
-y = p(x) = (resp. <) p(y)

if, and only if, the following two conditions hold:

(i) p(e™,...,e%) is Schur-convez (resp. Schur-concave) in (a1,...,a,),
(ii) o(e™, ... ,e%) is decreasing (resp. increasing) in each a;, fori=1,...,n,
where a; =Inx;, fori=1,...,n. O

Following lemma is adapted from Bon and Paltanea (2006) (see also Gupta et al., 2015).

Lemma 2.6 Let ¢ : (0,00)" — (0,00) be a symmetrical and continuously differentiable map-
ping. If, for x = (z1,x2,...,2,) € (0,00)" with x, = minj<j<, ¥; and r, = Max|<ij<n i, We

have

1 96 1 0¢
(xp - $q) (Hwép :Elaixp - Hﬁéq z; 8$q> < (>)07

for x, # x4, then

IA
v
SN~—
=
8
s
VR
:_/

¢(1‘1,1‘2, 71'71)

where © = {/x1x9 - Ty,

3 Series systems with component lifetimes following PO model

In this section we compare the lifetimes of two series systems, each of the heterogeneous com-
ponents having lifetimes following the PO model, with respect to some stochastic orders. We
also compare lifetimes of two series systems, one comprising of heterogeneous components and
another comprising of homogeneous components.

Throughout the paper we consider X = (X7, Xo,..., X;,) and Y = (¥1,Y5,...,Y},) as two sets
of independent random variables. Let both X and Y follow the PO model, denoted as X ~
PO(F,\) and Y ~ PO(F,u), where F is the baseline survival function, A = (A1, A2, ..., \n)
and g = (u1, 42, -y pin) with A\; > 0 and p; > 0, for all ¢ = 1,2,...,n. We have the survival



functions of Xi., and Y7.,, respectively, as

and

where \; =1 — X\, and fi; =1 — p;, for i =1,2,...,n

The hazard rate functions of Xj., and Y7., are, respectively, obtained as

n

i) = Yor ) = 30 =

and

3
3
<
—~
&
~

@) =) m(e) =) T

i=1 i=1
If X ~ PO(F,\1), where 1 = (1,1,...,1), A > 0, then the survival function and the hazard

rate function of Xi., are given respectively by

P (@) = @)
FXl:n( ) (1_5\F(x))n’
and )
7«le($) - m,

where A =1 — \.
Suppose each of the two series systems is formed out of n heterogeneous components where
the component lifetimes follow the PO model. The following theorem compares the lifetimes of

two such series systems.

Theorem 3.1 Suppose the lifetime vectors X ~ PO(F,\) and Y ~ PO(F,u). Then
P
A = 12 implies Xl:n <st }fln

Proof: Write a; =In);, i =1,2,...,n. Then

e
Fow = [t



Note that ¢(e®, e, ...,e%) is symmetric with respect to (a1, ag, ..., a,) € R". Now,

do 1— F(x)
Oa; 1—(1—e%)F(x)

¢(6a17 ea27 ) ean)7

so that ¢(e™, e, ...,e%) is increasing in each a;, for i = 1,2,...,n. Now, for 1 <i < j <mn,

(a._a,)<6¢ 8¢> (@ ap)(e% — ) F(@)(1 - F(z)
9\ 0a; B, (1— (1~ ") F())(1 — (1 - %) F(x))
< 0.

d)(eal Y ea2? et ea")

So, from Lemma 2.3, ¢(e®,e%,...,e%) is Schur-concave in (aq,as,...,a,) € R™. Thus, from

a
P
Lemma 2.5, we have ¢(A1, Ao, ..., \n) < ¢(u1, 42, ..., tn) whenever A = u. This proves the
result. O
The following corollary immediately follows from the above theorem by noting the fact that
P 1
(AL A2y -5 An) = (A A, ..., A), where A > ([T, A)Y/™.

n terms

Corollary 3.1 Suppose that the lifetime vectors X ~ PO(F,\) and Y ~ PO(F,\1). Then,
Xl:n Sst Yl:n lf)\ Z m 0

Since p-larger order is stronger than reciprocal majorization order, one may wonder whether,
in Theorem 3.1, p-larger order can be replaced by reciprocal majorization order. The Coun-
terexample 5.1 shows that this cannot be done.

Since hazard rate order is stronger than stochastic order, in order to get a comparison of
series systems in terms of hazard rate order, we need to have some larger dominance than the
p-larger order between the parameters of the models. The following theorem gives a condition
under which two series systems formed out of component lifetimes following the PO models will

be ordered in hazard rate order.

Theorem 3.2 Suppose that the lifetime vectors X ~ PO(F, ) and Y ~ PO(F, ). Then
w
A= 128 implies Xin <hr Yin.

Proof: We have

3

@)
TX1n N
T - NF(

which is symmetric with respect to (A1, A2, ..., A\n) € R™. Differentiating the above expression

with respect to \; we get -
8er:n(x) — _ T('T)F(;U)
o\ (1 — NF(x))?




which tells that rx,. (z) is decreasing in each \;, i = 1,2,...,n. For 1 <i < j <n,

Orx, (@) Orx, (@Y - 1 - !
o= (P - ) - WO SRR T T R
(= A [(1= ME(@)? = (1= X F ()]
> 0.

So, from Lemma 2.3, it follows that rx,, (z) is Schur-convex in A = (A1, Ag, ..., \,) € R™. Thus,

by Lemma 2.4, we have rx,. (z) > ry, (z) whenever A g . O
w
Since (A1, A2, ..., An) = (A A, ..., A), for A > %Zlﬂ:l i, the following corollary immediately
n terms

follows from the above theorem.

Corollary 3.2 Suppose lifetime vectors X ~ PO(F,\) and Y ~ PO(F,\1). Then, X1., <pr
Yig if A > 5 30 A O

Since weakly supermajorization order is stronger than p-larger order, one may wonder whether
weakly supermajorization order in Theorem 3.2 can be replaced by p-larger order. The Coun-
terexample 5.2 shows that this cannot be done. |

Let X1, Xo,..., X, have a common distribution F' and let X, 1, X} y2,..., X, have a common
distribution G, for p = 1,2,...,n — 1. The distribution F' is called the original distribution
whereas the distribution G is called the outlier distribution. This type of model is known
as outlier model. For p = n — 1, the model is known as a single-outlier model whereas, for
p=1,2,...,n — 2, the model is called multiple-outlier model. Below we study the relative
ageing of two series systems with heterogeneous components in terms of the hazard rate in the

case of multiple-outlier model.

Theorem 3.3 Let both X and Y follow the multiple-outlier PO model with X; ~ PO(F, \1),
Y, ~ PO(F, pi), fori=1,2,...,n1, Xj ~ PO(F, X2), Y ~ PO(F,,uQ), for j =ny+1,n +
2,....,n1 +na(=n). Then

m
(A1, AL, s A, A2, Ay oy A2) = (o, [y ooy o1, 12, 1425 ooy 12) = X1in Dk Yiem,

ni terms no terms ni terms no terms

provided {(A1, A2) € E4, (p1, p2) € Ex} or {(A1, A2) € Dy, (p1, p2) € Dy}

Proof: First it should be noted that

_ o _ . m
()‘17 )‘1’ (R )‘1) )‘27 >‘27 (X3} )‘2) = (ﬂla ﬂl? "'nalv.L_LZa ﬂ?? "'7/‘7’2)

n1 terms ng terms ni1 terms no terms




is equivalent to

m
(A1, AL e AL, A2, Ay oy A2) 2 (1, 1, ooy 015 42, 112 ey 42),

ni terms no terms ni1 terms ng terms

which follows from Remark 2.1 and Definition 2.1(i). Here we write \; = 1 —); and fi; = 1 — i,
fori=1,2.
We denote

A={€=(6,&,..,&): & =M for 1 <i<njand & =Ny, for ng +1<j <n}
and

B={n=n,m2.n):nm = p1 for 1 <i<mny and n; = pa, for ny +1 <5 < n}.
We have to show that, under the given majorization order,

rxn () il TEF@)

1= £,
Xiin = — ! éllF(x) is decreasing in x > 0, (3.1)
™ia(t) Y TR

forall € € A, € B, where § =1—¢& and 7, = 1 —n;, for i = 1,2,...,n, which is equivalent
to show that

Cin ey L T e
Furthermore, to prove this, it suffices to show that (according to Definition 2.2), for all £ € A
and n € B,

e e Ez o
(&1, &, o ) Z f{( Dk

Zz 11— F(x)
is Schur-convex in (&1, 2, ..., &) € A. Now, writing u(z) = 1/(1 — z) and v(z) = 2/(1 — z), we
have
sz o7y L Y u(&F(@)u(EF (x))
R A ) o
S ulEF@)EFE) + i u(EF @)(EF (@)
F(z) 2t WG F () + i, g1 ul&iF (7)) '

Writing v’ = du/dz and v' = dv/dz, we have, for 1 <1i < ny,

99 _ u(MF(2))v' (M F(@)[mu( F(@)) + neu(Ae F(@)] + nou(Ae F(@)u' (M F(2))[v(A F(2)) — v(A2 F(2))]
3 (n1u(M F(2)) + nzu(Ae F(2)))*

)

10



and, for n; +1 < j <n,

6725 _ u(A2F(2))v' M2 F(2))[n1u M1 F(x)) + nau(AaF(z))] + niu(M F(z))u' M2 F(z) v F(z) — v(M F(x))] .
5%, (n1u(3 F () + n2u(AeF(x)))?

0 0
Now,for1§i,j§n10rn1+1§i,j§n,wehavea?—ag—0. Again, for 1 <i <nj and
( J
ny+ 1< 5 < n, we have

22 B Sf W (0 F(2) + nou(aF (@) [u(a F(2)' (aF (@) — u(GaF (@)’ (o F(2))]

Since v(z) and w(z)v'(z) are both increasing in z, u(z) is nonnegative for all x < 1 and u/(z)
is nonnegative for all x, we have, for \; > (resp. <) Ao,

9% _ 9 > (resp. <) 0.

&  0& ~

So, from Lemma 2.1 and Lemma 2.2, it follows that ¢ is Schur-convex in (£1,&,...,&,) € A.
Thus,

— — — — — — m
(A1, ALy e A1, A2, Aoy oy A2) = (i, [y oey U1, A2, [125 ey 12) = X1in Dk Yiom,

ny terms na terms ny terms na terms

and hence the result is proved. O

By taking n; = ng = 1 in the above theorem, we immediately get the following corollary.

Corollary 3.3 Let, for i = 1,2, the two independent random variables X; and Y; follow the
PO model with parameters \; and w;, respectively. Then

m
(A1, A2) = (1, 2) = X122 Zhr Y12

One may wonder whether the set of sufficient conditions given in Theorem 3.3 is the only
possible set of conditions or the result is possible to be true under a different set of sufficient

conditions. The following theorem answers this in affirmative.

Theorem 3.4 Let both X and Y follow the multiple-outlier PO model with X; ~ PO(F, \1),
Y, ~ PO(F, pi), fori=1,2,...,n1, Xj ~ PO(F, X2), Y ~ PO(F,,ug), forj =ny4+1,n +
2,...,n1 +na(=n). Then

max{Ai, Ao} <min{p1, p2} = X1 Zhr Yim.

11



Proof: Proving Xi., Zn, Y1, is equivalent to showing that

( ) L N2
X P) _ 120F@)  17208(@) 4 decreasing in z > 0. (3.2)

ni_ na_
TY1in ('T) 1—p F(z) 1— i F(z)

Writing u(z) = 1/(1 — ) and v(z) = z/(1 — z), (3.2) becomes equivalent to the fact that

tu(pn F(2))u(\ F (@) [v(i F(2)) = v(AF (2))] + mngu(in F(2)u(AF (2))
(i F(x)) = v(AF(2))] + mingu(pipF (2))u(M F (2)) (i F (2) — v(\ F(2))]
+n3u(iF () u(e F(2))[v(iF (2) — v(AF(2)] <0

As both u(x) and v(x) are increasing in z, the above inequality holds if the condition max{ A1, A2} <

min{, p2} holds. This proves the theorem.

Remark 3.1 From Theorem 3.3, we get that X1., Zpy Y1.n whenever

3

(AL, AL, e AL, A2y Aoy, Ag) 22 (fn, 1y oy fU1, 2, A2, ey J12) (3.3)

VT Vv
ni1 terms no terms ni1 terms no terms

whereas, from Theorem 3.4, we have that X1., Znr Y1 if
max{A1, Ao} < min{u, ua}. (3.4)

From these two theorems one natural question that arises is — whether (3.3) = (3.4) or (3.4)
= (3.3). This is because if (3.3) = (3.4) then Theorem 3.3 is redundant whereas if (3.4) =
(3.3), Theorem 3.4 will be redundant. By taking A\ = 1, Ao =2, pu3 = 1.3, po = 1.8, n; = 2
and ny = 3, it is clear that (3.3) is satisfied but not (3.4). Further, (3.4) cannot imply (3.3)
because if (3.4) holds then ni A\ +nada = nip1 + napo is never satisfied and hence (3.3) cannot
hold. O

Looking into Theorem 3.3, one may wonder whether the condition on majorization order can be
relaxed to the weakly supermajorization order. Below we answer this question in affirmative.
However, for this relaxation, we need to sacrifice the broadness of the model in terms of the

parameters.

Theorem 3.5 Let both X and Y follow the multiple-outlier PO model with X; ~ PO(F,\1),
Yi ~ PO(FMMI)) fOTi = 1727"'777'17 X] ~ PO(FW); ij ~ PO(FW); fO?"j =n + 1,7’L1 +
2,...,n1 +na(=n). Then for \y < min{n, pu1},

w
()‘17)\13 "'7)‘1777777’ an) = (/Jq,/ll, ey U1, 70570, 777) = X1 Zhr Yim.
— —

ni terms ng terms ni1 terms ng terms

12



Proof: Note that

er:n (x) — 1_5%(1) + 1*;]1}%(1)
= 7(x), say.

We need to prove that y(z) is decreasing in x > 0. As earlier, let us take u(z) = 1/(1 — z) and

v(z) = z/(1 — x), which are increasing in x. Now differentiating v(z) with respect to x, we

have
V(@) "L nPu(MF(@))u(in F (@) o(@ F(z) — oA F(@))] + ningu(A P () yu(iF (2))
[w(7F () = v(A\ F (2))] + ningu(iF (2))u(i F (2))[v(i F(z)) — v(iF(2))]
= 1/}($),Say.
Now the conditions A\; < min{n, pu1} and (A, A1, ..., A1, 1,7, ...,7) ; (H1y [0y eeey (15 705 7]y ey 1))
terms no terms ni terms no terms

together is equivalent to the fact that A\ <n < pujor Ay < pup <n.
Case I: Let A\; <7 < py. Then ¢(x) <0.
Case II: Let A\ < 3 <. Then we have

and
v(MF(x)) > v(iin F(x)) > v(iF(z)),
so that
P(x) < njuMF(@)u(@mF(@)v(mF () — v F(z))]
Frmau(3 F (@) Yu(iF () [o(i P () — vOu F ()]

= mu(MF(@) (@ F(2) — oM F(x)][nu(i F(z)) +nou(iF(z))]

< 0.
Hence the theorem follows. O

By taking n; = no = 1, the following corollary immediately follows from Theorem 3.5.

Corollary 3.4 Let X1 and X5 be independent following the PO model with parameters Ay and
n respectively, and let Y1 and Ys be independent following the PO model with parameters uq
and n respectively. Then for Ay < min{n, pu;},

w
()\1777) = (Ml,ﬁ) = X1:2 2,}7,7' Y1:2-
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The following lemma, required to prove the next theorem, has been borrowed from Kundu et
al. (2016).

Lemma 3.1 If A\ > p1 > p2 > Ao or Ay < pp < pg < Ao, and niy + nady = nipy + nopo,
then
m
()‘17)\17 "'7)‘11)\27)‘27 "'1)‘2) = (/,Ll,/ll, ey 15 25 (42, "'7”2)'

~
ni1 terms no terms ni terms no terms

The following theorem shows that under a different kind of restriction on the model parameters
than what is given in Theorem 3.5, the condition of majorization order in Theorem 3.3 can be

replaced by the weak supermajorization order.

Theorem 3.6 Let both X and Y follow the multiple-outlier PO model with X; ~ PO(F,\1),
Y; ~ PO(F, ), fori=1,2,...,n1, X; ~ PO(F,\2), Y; ~ PO(F,us), for j = n1+1,n1 +
2,...,n1 +na(=n). Then, for {\1 < p1 < pa < Ao} or {A1 > 1 > po > Xo},

w
()\17 Ah "'7)\17 A27)\27 "'7)‘2) t (Ml,/—l/h vy M1, 125 42, '--7,u2) = Xl:n Zhr Yl:n-

ni terms no terms ni1 terms no terms

Proof: Suppose that the first set of conditions holds. The weak supermajorization order
gives that Ay < py and niA; + e < njug + rpg, for = 1,2,...,na. If ngAy + noXo =
nip1+nspe holds then, under the given condition, the result follows from Theorem 3.3. Suppose
that niA\1 + noXo < nyu1 + nope. Then there exists an n satisfying Ay < n < p1 such that
n1n +naAa = nip +nops. Let X7, be the lifetime of a series system formed by n components
having lifetimes X7, X3, ..., X5, where X} ~ PO(F,n), fori =1,2,...,n1 and X5~ PO(F, \p),
for j = n1 +1,n1 +2,...,n1 + na(= n). Then, from Lemma 3.1 and Theorem 3.3, we have
Xi.y Zhr Yim. Further, we have A\; < n < Ay and

()\1,/\1, vy A1, A2, Ag, ...,)\2) ~ (77,77, ey T, A2, Ao,y ...,)\2).
y —_— N D

ni terms no terms ni1 terms no terms

So, from Theorem 3.5, it follows that Xi., 2p, X7.,,. Hence Xi., Zpnr Y1:n. The proof for the
second set of conditions can be done in a similar way. O

By taking n; = no = 1, the following corollary immediately follows from Theorem 3.6.

Corollary 3.5 Let X1 and Xo be independent following PO model with parameters A1 and Ao
respectively, and let Y1 and Ys be independent following PO model with parameters py and pa
respectively. Then

w
(A1, A2) = (1, 12) = X122 Zhr Yoo,

where {1 < p1 < po < Ao} or {1 > p1 > pio > Ao} O

14



The following theorem shows that, under certain condition, a series system with homogeneous

components ages faster than that with heterogeneous ones in terms of the hazard rate.

Theorem 3.7 Suppose lifetime vectors X ~ PO(F,A) and Y ~ PO(F,\1). Then, X1., Zp:

Proof: We have

rx,., () 11— XF(:E) " 1
Y1 (2) a n Z 1- /_\IF(.CL’)

Now, differentiating the above expression with respect to x, we have, for > 0,

A " 1 " i
(1 - XF(m)) <Z - Xﬁ(m)) - Z (L= NF(x))?|’

i=1 i=1

d (rxm(l’)> f(@)(1 = AF(x))

% Tylcn (x) B n

so that X1 (@) is decreasing if
TYIZTL('T)
AF(z) = 1 - N\ F(z)
_— —_— < T = =, <o 3:5
(55 (Z - AiF<x>> =2 0 nF@) (35)
From Cebysev’s inequality (cf. Mitrinovié et al., 1993, p. 240), (3.5) holds if
MF(2) - 1 1 (<~ MNF(2) = 1
A <= SRR —_
(25eh) (Crmm ) <2 (S (S
or equivalently,
MF(z) 1
-~ 7 < =
1—=AF(z) ~ n*

3
3/I
=1
—~
)
N—

@
Il
—

ie. if

which follows from the fact that ¢ is convex. Now the theorem holds because ¢ is increasing.O

In case of multiple-outlier model, below we study the likelihood ratio ordering between two
series systems with heterogeneous components. The result under majorization order follows
from Theorems 3.2 and 3.3, whereas the result under weak supermajorization order follows

from Theorems 3.2 and 3.6, by using the fact that the hazard rate order together with the

15



relative ageing order in the sense of hazard rate implies the likelihood ratio order.

Theorem 3.8 Let both X andY follow the multiple-outlier PO model such that X; ~ PO(F, 1),
Y; ~ PO(F, ), fori=1,2,...,n1, X; ~ PO(F,)\3), Y; ~ PO(F,p2), for j = ny + 1,n1 +
2,....,n1 +na(=n). Then

m w
()\17>\17 "'7)‘17>‘27)‘27 "‘7>\2) i (7’65?' t) (,U’luula ceey W1, (2, U2, "‘7“2) = Xl:n SZT Yl:?"w

TV
ni terms no terms ni terms no terms

provided {(A1, ) € E4, (u1,p2) € Ex} or {(M,A2) € Dy, (1, u2) € Dy} (resp. {1 < 1 <
2 < )\2} or {)\1 > 1 > 2 > )\2}) holds. Od

The following theorem gives a condition under which a series system with homogeneous com-
ponents and that with heterogeneous ones are ordered in terms of the likelihood ratio order.

The proof follows from Theorem 3.7 and Corollary 3.2.

Theorem 3.9 Suppose lifetime vectors X ~ PO(F,X) and Y ~ PO(F,\1). Then, X1., <;r
len Zf)‘ > %Z?:l A

4 Parallel systems with component lifetimes following the PO

model

In this section we compare lifetimes of two parallel systems of heterogeneous components having
lifetimes following the PO model with respect to some stochastic orders. We also compare
lifetimes of two parallel systems, one comprising of heterogeneous components and another of
homogeneous components.

We have the survival functions of X,,., and Y,,.,, respectively, as

P =1-TJ0 - Fr) =1 =TT ({50 ) (4.

i=1 i=1 - S\ZF(CC)
and . ) )
2 i 1— F(x)
Fy,,(2) =1-]](0 - Fy(z) =1~ <‘> )
};[1 g 1 — i F ()
where A\; =1 — \; and ji; = 1 — pu;, for i = 1,2,...,n. Also the reversed hazard rate functions

of X,., and Y., are obtained, respectively, as

3

- . AiT ()
P (@) = Y Fx, () To%FG) (4.2)

i=1 =1

16



and

Ty, () =) Ty, () = y M
Yon (Z) ZYz() ,11—/1@‘F(95>'

If X ~ PO(F,)1), A > 0, then the survival function and the reversed hazard rate function of

X,.n are given, respectively, by

i=1 =

Fx,., (z)=1- (i}%)

and

where A =1 — \.
The following theorem compares the lifetimes of two parallel systems formed out of n het-

erogeneous components following PO model in terms of reversed hazard rate order.

Theorem 4.1 Suppose that lifetime vectors X ~ PO(F,A) and Y ~ PO(F,u). Then
w
A= 12 implies Xn:n <rhr Yn:n-

Proof: Differentiating (4.2) with respect to A; we have

i) _ (@)1 — F(x))
AN (1— NF(z))?
Z 07

so that 7x, . () is increasing in each \;, i = 1,2,...,n. Also 7x, . (x) is symmetric with respect
t0 (Aty A2y s An) € R For 1 <4 < j <n,

=) (Pt - 2alE) (0 - 01 - FO) |~ o

< 0.

So, from Lemma 2.3, it follows that 7x, ., () is Schur-concave in A = (A1, A2,..., A,) € R™.

Thus, from Lemma 2.4, we have 7x,  (x) < 7y, (z), for all z, whenever X = p. O
Since (A1, A2, ..., An) = (M A, ... A), for A > % > Ai, the following corollary immediately
t

follows from the above theorem.

Corollary 4.1 Suppose lifetime vectors X ~ PO(F,\) andY ~ PO(F,\1). Then, Xn.pn <rhr
Yom if A> 2570 A, m

17



One may wonder whether the condition of weakly supermajorization order can be replaced by
p-larger order. This is answered in negative in Counterexample 5.4 where it is shown that, even
for usual stochastic order, the condition of weakly supermojorization order given in the above
theorem cannot be replaced by p-larger order. O

If two parallel systems are formed — one out of heterogeneous components under the PO
model and the other of homogeneous components, then the condition under which the former

dominates the latter in usual stochastic order is discussed in the following theorem.

Theorem 4.2 Suppose that lifetime vectors X ~ PO(F,\) and Y ~ PO(F,\1). Then
Xnin Zst Yo ’Lf)\ = m

Proof: Write

Then we have

Let )\p = minj<j<n X; and )\q = maxi<i<n Ai. Then

; % _ 1 % sign 1 1 _ 1 1
Hi;ép Ai | OXp Hi;éq Ai | O Hi;ﬁp Ai ) 1= NF(x) Hi;ﬁq Ai ) 1= AF(2)
A

sign )\p q

1—NF(z) 1—X\F(x)
sign =

9 (A, = A)(1 = F(2)) < 0.

So (Ap—Aq) (ﬁ% - mg—i) > 0. Thus, from Lemma 2.6, we have, for A = /Ao Ay,
DA, A2y s An) = O\ A, o A), Lee X >t Yo O
If two parallel systems are formed out of heterogeneous components satisfying the PO model
then one may expect in the line of Theorem 3.3 that there exists relative ageing in terms of
reversed hazard rate of the two systems whenever there is a majorization order among the
parameters of the two systems. However, Counterexample 5.3 shows that in case of multiple-
outlier model, under the majorization order, two parallel systems of heterogeneous components

may not be ordered with respect to relative ageing in terms of reversed hazard rate.

Remark 4.1 Taking the random variables as in Counterezample 5.3, we see from Figure 5(b)
that fyvy.(%)/ fxee(x) s also non-monotone. This gives that, in case of multiple-outlier model,
under the majorization order, two parallel systems with heterogeneous components may not be

ordered with respect to likelihood ratio order. O
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The Counterexample 5.5 shows that a parallel system of heterogeneous components may not be
comparable with that of homogeneous components with respect to relative ageing in terms of
reversed hazard rate, with or without the condition in Corollary 4.1. That is, in case of parallel
system, we cannot find similar result in line of Theorem 3.7.

In case of multiple-outlier model, following theorem gives a condition under which X,,., ages

faster than Y;,.,, in terms of reversed hazard rate.

Theorem 4.3 Let both X andY follow the multiple-outlier PO model such that X; ~ PO(F, \1),
Y; ~ PO(F, ), fori = 1,2,..,n1, X; ~ PO(F,n), Y; ~ PO(F,n), for j = n; +1,n1 +
2,...,n1 +na(=n). Then

M <<= Xom Seir Yo

Proof: Note that

nipl nan

X, (m) B niA 4 —n2n = ’7(1’), say.
nin 1-MF(z) = 1-7F(x)

We have to show that y(z) is increasing in > 0. Let us write u(z) = 1/(1 — x) and v(z) =

x/(1 — z), both of which are increasing in x. Now differentiating ~y(x) with respect to x, we

have
V(@) "\ pmu( F(z))u(n F (@) o F(2) — o(nF ()] + mngnpu(i F(z) Ju(iF (x))
v(F (2)) = v( F(2))] + ninanhu(M F(2)u(F (2)) (0 F(z)) — v(7F (2))]
> 0,
if A1 <7 < 1. Hence the theorem follows. o

By taking ny = ny = 1, the following corollary immediately follows from the above theorem.

Corollary 4.2 Let X1 and X5 be independent following the PO model with parameters A1 and
n respectively, and let Y1 and Ya be independent following PO model with parameters p1 and n
respectively. Then

A < < g = Xoo Spnr Y2u2.

Remark 4.2 It is interesting to note that, the condition \y < n < p1 is crucial for the above
theorem to hold. The Counterexample 5.6 shows that Theorem 4.3 does not hold if the given
condition is replaced by A1 < pp < n. O

If two parallel systems are formed out of components following the multiple-outlier PO model,
then one might be interested to know some condition(s) under which these two models are
comparable in terms of likelihood ratio order. This is given in the next theorem, which may be

compared with Remark 4.1.
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Theorem 4.4 Let both X andY follow the multiple-outlier PO model such that X; ~ PO(F, \1),
Y; ~ PO(F ), fori = 1,2,..,n1, X; ~ PO(F,n), Y; ~ PO(F,n), for j = n; +1,n1 +
2,...,n1 +na(=n). Then

A <n <= Xom <ir Yo

Proof: We need to show that

fyun (@) (FYn:n (37)) (fymn(m) > is increasing in z > 0. (4.3)

[Xpn () Py, (x)) \7x,.,(z

w
We have A1 < n < pi, which implies that (A1, A, ooy Ay 010 oy ) 2 ([ o1y veey 15751y ooy 1)
—_— N — —_—

ni terms ng terms ni1 terms ng terms
So, from Theorem 4.1, under the given condition, we get that Fy,  (x)/Fx,., (x) is increasing in

x > 0. Again, Theorem 4.3 gives that, under the given condition, 7y, (x)/7x,,., (x) is increasing
in x > 0. Hence the theorem follows. O

For ny = no = 1, the above theorem reduces to the following corollary.

Corollary 4.3 Let X1 and X5 be independent following the PO model with parameters A1 and
n respectively, and let Y1 and Ya be independent following PO model with parameters p1 and n
respectively. Then

A1 < <= Xoo < Yoo

5 Examples and counterexamples

In this section, we give some examples to illustrate the proposed results, and some counterex-

amples are given wherever needed.

5.1 Examples

In this subsection we give some examples to demonstrate the proposed results of this paper.

The first example gives an application of Theorem 3.1.

Example 5.1 Consider two series systems, each comprising of three components having life-
times following the PO model with the common baseline survival function given by F(x) =
e=@/B* with B8 =04, k =2,z >0. Then the survival functions of two series systems are
given by

\;e—(@/0-4)2 _ 3 Iuie—(:v/O.4)2
Fx,5(x H 1= he—(@/0a2 and  Fy,4(z) = L 1= fie—@/0d?” (5.1)
=

=1 i€

P
respectively, where (A1, A2, A3) = (2,3,5) and (u1,p2,pu3) = (2.5,3.5,6) so that (2,3,5) =
(2.5,3.5,6). In order to change the scale, we substitute x = t/(1 —t) in (5.1) so that, for
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Figure 1: Plot of & (¢) and & (t) against ¢ € [0, 1].

x € 1]0,00), we have t € [0,1), and after this substitution, let us denote the expressions in (5.1)
as &1(t) and &a(t), respectively. From Figure 1 we observe that &1(t) < &(t) for all t € [0,1),
which implies that Fx, ,(x) < Fy,,(x) for all x > 0. Thus X1.3 <g Y1.3. O

In the following example we illustrate the result given in Theorem 3.2.

Example 5.2 Consider two series systems, each comprising of three components having life-

times following the PO model with the common baseline survival function given by F(z) = e~*

)

x > 0. Then the survival functions of the two series systems are given by

B A,672m B 3 /1,‘67293
Fy 4(z) = H 1_15\? and  Fy,;(x) = m>
i=1 i=1

respectively. Taking (A1, A2, A3) = (3,4.5,6) and (1, p2, u3) = (4,5,6) we observe that (3,4.5,6) g
(4,5,6). Note that

Fx, () T\ )\ +7e 2 4120 %

which is increasing in x > 0, and hence X1.3 <p, Y1.3. O

Fy, () (120) <1 + 5.5e72% 4 7e4z>

In the following example we demonstrate the result given in Theorem 3.3

Example 5.3 Consider two series systems, each comprising of four components having life-
times following the multiple-outlier PO model with the common baseline survival function given
2

by F(z) = e~z, 2 >0. Then the hazard rate functions of the two series systems are given by

2r(x) N 2r(z)

I MFG) 1= eE@) (5:2)

TX1.4 (x)

21



L L L L L L L L L L
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(a) (b)

Figure 2: (a) Plot of 11(t)/l2(t) against ¢t € [0,1], (b) Plot of k1(t)/k2(t) against ¢ € [0, 1].

and
2r(z) 2r(x)

Tl T mh ) )

Y14 (:E)

respectively, where () is the common hazard rate function of each of the components, and
A =2,02 =4.5, 41 =3, u2 = 3.5, so that (2,2,4.5,4.5) Q (3,3,3.5,3.5). In order to change the
scale, we substitute x =t/(1 —t) in (5.2) and (5.83) so that, for x € [0,00), we have t € [0,1),
and after this substitution, let us denote the expressions in (5.2) and (5.3) as l1(t) and l2(t),
respectively. From Figure 2(a) we observe that l1(t)/l2(t) is decreasing in t € [0,1), which is
equivalent to the fact that rx,,(x)/ry,,(z) is decreasing in x > 0. Hence Xi.4 Zhr Y1.4. 0

An application of Theorem 3.5 is given below.

Example 5.4 Consider Example 5.8 with Ay = 3,3 = us = n = 4,u1 = 3.5, so that
(2,2,4,4) g (3.5,3.5,4,4). After substituting x =t/(1 —t) in (5.2) and (5.3), let us denote the
expressions in (5.2) and (5.3) as k1(t) and ka(t), respectively. From Figure 2(b) we observe
that K1(t)/ka(t) is decreasing in t € [0,1), which implies that rx,,(x)/Ty,.,(z) is decreasing in
x> 0. Hence X1.4 Zpr Y14 O

In the following example we demonstrate the result given in Theorem 3.6.

Example 5.5 Consider Example 5.8 with \y = 2, \a = 4, u1 = 3, uo = 3.5, so that (2,2,4,4) g
(3,3,3.5,3.5) and A1 < p1 < po < Ao. After substituting x = t/(1 —t) in (5.2) and (5.3),
let us denote the expressions in (5.2) and (5.3) as (1(t) and (a(t), respectively. From Flig-
ure 3 we observe that (1(t)/C2(t) is decreasing in t € [0,1), which is equivalent to the fact that

rx,.,(2) /Ty, (2) is decreasing in © > 0. Hence X1.4 Zhr Y1:4. O
Below we give an example to illustrate the result given in Theorem 4.1.

Example 5.6 Consider two parallel systems, each comprising of three components having life-

times following the PO model with the common baseline survival function given by F(x) =
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1.20

Figure 3: Plot of (;(t)/¢2(t) against t € [0,1].

e 157 x> 0. Then the reversed hazard rate functions of two parallel systems are given by
_ 1.5e~ 150 O by
and s
N 1.5e~ 157 ;
TYs.3 (x) H (5'5)

= 1— eflf)x — 1— ﬂiefl.f)xv

respectively, where (A1, A2, A3) = (0.5,2.5,4) and (u1, 2, u3) = (1,3,5) so that (0.5,2.5,4) g
(1,3,5). In order to change the scale, we substitute x =t/(1—1t) in (5.4) and (5.5) so that, for
x € [0,00), we have t € [0,1), and after this substitution, let us denote the expressions in (5.4)
and (5.5) as y1(t) and va2(t), respectively. From Figure 4 we observe that v1(t) < ya(t), t € [0, 1),
which implies that 7x,,(z) < Fyy,(z) for all z > 0. Hence X3.3 <,p, Y3.3. O

The following example demonstrates the results given in Theorems 4.3 and 4.4.

Example 5.7 Consider two parallel systems, each comprising of four components having life-
times following the multiple-outlier PO model with the common baseline survival function given
by F(x) = e 2%, 2 > 0. Then the ratio of the reversed hazard rate functions of two parallel

systems is given by

= 241 2n
"Yaa (3}') — 1—pne—2 + 1-ne—2% (5 6)

= 2\ 2 ’
T‘X4:4 (:L') 17)\_161723” 1777:—2.17

where \y = 2,n = 3,1 = 4, so that A1 < n < pi. Note that 7y,,(x)/Tx,.,(z) is increasing in
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Figure 4: Plot of v1(¢) and 72(t) against ¢ € [0, 1].

x> 0. Hence Xyq.4 Spnr Yaea. Again, we have

fria(@) <FY4;4(33)> (fy4:4(517)>.

fX4:4 (QC) FX4:4 (x) "Xy (x)

It can be verified that Fy, ,(z)/Fx,.,(r) = (14+e72%)2/(1+3e72%)2 is increasing in x > 0, which
implies that fy,.,(z)/fx,..(x) is increasing in x > 0. Hence X4.4 <i Yaua.

5.2 Counterexamples

A list of counterexamples are discussed in this subsection. The following counterexample shows

that the p-larger order in Theorem 3.1 cannot be replaced by reciprocal majorization order.

Counterexample 5.1 Let X = (X1, X2, X3) and Y = (Y1, Y2, Y3) with X; ~ PO(F,\;) and
Y; ~ PO(F, 115), i = 1,2, 3, where the baseline survival function F is given by F(x) = ™2, 2 >

0. Take (A1, A2, A3) = (2.2,3,5) and (p1, p2, p3) = (2.8,3.2,3.3) so that (A1, A2, A3) TQ (1, p2, p13)
P _

but (A1, X2, A3) % (p1,pe,ps). It is observed that, for x = 0.2, Fx, () = 0.63929 and

Fy,,(x) = 0.641646. Again, for = 0.8, Fx,,(z) = 0.0861549 and Fy,,(z) = 0.084394.

So X1:3 ﬁst Y1:3- o

Below we show that weak majorization order in Theorem 3.2 cannot be replaced by p-larger

order.

Counterexample 5.2 Let X = (X1,X2,X3) and Y = (Y1,Y2,Y3) with X; ~ PO(F,\;)
and Y; ~ PO(F,u;), i = 1,2,3, where the baseline survival function F is given by F(z) =
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e 122 2> 0. Take (M1, A2, \3) = (2,3,5) and (u1, p2, u3) = (2.8,3.2,3.4) so that (A1, A2, \3) g
(p1, p2, pi3) but (A1, A2, Az) ; (1, p2, p3). It is observed that, for v = 0.2, rx,,(z) = 1.4273
and 1y, ,(x) = 1.3516, and, for x = 1.8, rx,.(z) = 2.8722 and ry,,(z) = 2.8907. Thus, we
have X1.3 ﬁhr Yi.3. O

In Theorem 3.3, we have seen that, in the case of multiple-outlier model, out of two series
systems formed from heterogeneous components, one may dominate the other in relative ageing
in terms of hazard rate, provided the two sets of the parameters of the model have majorization
order between them. However, this kind of result may not hold for parallel systems as we see

in the following counterexample.

Counterexample 5.3 Let X = (X1, Xo,....,Xg) and Y = (Y1,Y5,...,Ys), each follows the
multiple-outlier PO model such that X; ~ PO(F,2), Y; ~ PO(F,3), fori = 1,2, X; ~
PO(F,6), Y; ~ PO(F,5.5), for j = 3,4,5,6, where the baseline survival function is given by
F(z) = e 2 2> 0. Clearly, (2,2,6,6,6,6) g (3,3,5.5,5.5,5.5,5.5). However, it is observed

from Figure 5(a) that Ty, (z)/7x4.s(x) is non-monotone. O

That weak supermajorization order in Theorem 4.1 cannot be replaced by p-larger order is

shown in the following counterexample.

Counterexample 5.4 Let X = (X1, X2, X3) and Y = (Y1, Ys,Y3) with X; ~ PO(F,)\;) and
Y; ~ PO(F, 113), i = 1,2,3, where the baseline survival function is given by F(z) = e 8% 2 >
0. Take (A1, A2, A3) = (2,3,5) and (u1, 2, u3) = (2.6,3.2,3.7) so that (A1, A2, A3) é (1, p2, pi3)
but (A1, A2, A\3) ; (p1, 2, u3). It is observed that, for x = 1.5, Fx, () = 0.471629 and
Fy,,(x) = 0.459619 so that X33 %ot Ya.3. Now, take (A1, A2, A3) = (2.5,3,5) and (u1, 2, u3) =
(3,3.8,4.4) which give (A1, A2, A3) z (p1, po, pi3). It is observed that, for x = 1.2, Fx,,(z) =

0.67176 and Fy,4(z) = 0.69449 so that X3.3 Fo Y3.3. ]
10851 ///«\ . Lot ) T~
100F /
1004} /
105 / / \
/ 1002F // ~__
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Figure 5: (a) Curve of Ty, () /Txqe(z) (b) Curve of fy, (x)/ fxee(z)
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Counterexample 5.5 Let X = (X1, X9, X3,Xy) and Y = (Y1,Y2,Y3,Y)), each follows the
multiple-outlier PO model such that X; ~ PO(F,\;), i = 1,2,3,4 and Y; ~ PO(F,\), i =
1,2,3,4, where the baseline survival function is given by F(z) = e_(x/ﬂ)k, B, k>0, z>0. It
is observed from Figure 6(a) that, for A1 =2, Ao =3, A3 =4, \y =5, A = 3.6, 3 = 0.8, and
k=2, 7y,,(z)/Tx,,(x) is non-monotone. Again, for A1 =2, \a =3, A3 =4, Ay =5, A =34,

B=3and k=2, 7y,,(z)/Tx,,(x) is also non-monotone as can be seen from Figure 6(b). O
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Figure 6: (a) Curve of 7y, ,(z)/Fx,.,(x) for (A1, e, A3, A1, A, B, k) = (2,3,4,5,3.6,0.8,2), and
(b) Curve of 7y, (x)/Tx,.,(z) for (A1, A2, A3, A1, A, B, k) = (2,3,4,5,3.4,3,2)

That the condition A\; < 7 < p1 in Theorem 4.3 cannot be dropped is shown below.

Counterexample 5.6 Let Xy and Xo follow the PO model with parameters A1 and 1 respec-
tively, and let Y1 and Ys follow the PO model with parameters uy and n respectively, where the
baseline distribution is exponential with parameter X = 2. Now, for Ay = 0.2, uy = 0.4 and

n=0.9, Fy,,(2)/Tx,.,(z) is non-monotone, as we see from Figure 7.

6 Conclusion

In this paper, we have studied stochastic comparison of series and parallel systems formed
from independent heterogeneous components having lifetimes following the PO model. Most
of the results are obtained using different concepts of majorization. We have also compared a
system formed of heterogeneous components with another system of homogeneous components.
We have derived conditions under which two series systems with heterogeneous components are
ordered with respect to different stochastic orders; in the case of multiple-outlier model, they are
compared with respect to likelihood ratio order and relative ageing in terms of hazard rate. We
have also derived conditions under which a series system with heterogeneous components and
that with homogeneous components are ordered with respect to the above mentioned stochastic

orderings. In the case of parallel system, we have obtained conditions under which two parallel
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systems with heterogeneous components are ordered with respect to the usual stochastic order
and reversed hazard rate order. The comparison is also made in the case of a parallel system
with heterogeneous components and that with homogeneous components. However, unlike
series system, with suitable counterexamples, we have shown that, even in the case of multiple-
outlier model, under majorization order, two parallel systems with heterogeneous components
may not be comparable with respect to likelihood ratio order and relative ageing in terms of
reversed hazard rate, although, under more restricted conditions, we are able to compare the
parallel systems with respect to those stochastic orderings.

Similar kinds of results can be studied for a k-out-of-n system or equivalently, for rth largest
order statistic (see the explanation given in the introduction in this regard). It can be noted that
the expressions for different reliability functions viz., survival function, hazard rate function,
reversed hazard rate function etc. corresponding to an order statistic coming from different
heterogeneous populations are not very explicit in nature and hence similar treatment as above
cannot be used to handle these problems. We are planning to study different ordering results
for the k-out-of-n system of heterogeneous populations under multiple-outlier models, and then

extend these results to the general model.
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